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An ab-initio analysis based on coupled mode theory (CMT) is applied to describe the interaction dynamics of
high dielectric resonators (DRs) with its containing aqueous solution. We prove that the coupling mechanism
is reciprocal. Such property is exploited to find closed form and accurate expressions of the coupling coefficient
κ, the main factor characterizing the system performance. Based on such expressions, it is shown that, for
wireless power transfer (WPT) applications, up sizing the DRs relaxes the need of using ultra high r materials.
The nature of interaction is captured by the coupling matrix, which shows that the behaviour of the system
is identical to the ones studied extensively in the literature when the contained aqueous solution is replaced
by an enclosing cavity. It follows, as in a typical three coupled resonators setting, that when two DRs are
inserted in the aqueous solution a non-bonding mode emerges; hence enabling efficient wireless power transfer
(WPT) via the opening of an electromagnetic induced transparency like window. Due to the inevitable
situations where the DRs are not symmetrically placed inside the solution, the general eigenvalue problem,
with asymmetrically placed DR inserts is solved and the eigenvectors representing the coupled modes are
depicted by vectors in a 3D mathematical space where the uncoupled modes represent its basis. Moreover,
the strong coupling between the DR inserts and the aqueous medium allows the proposed WPT system to
tolerate intrinsic aqueous solution losses and the presence of extraneous objects. Additionally, the value of the
load at maximum efficiency is indpendent of the aqueous solution loss tangent, thus tolerating the variation in
the medium salinity. The Proposed EIT like scheme can find applications for mid/short range power transfer
in/through swimming pools, chemical reactors, fish tanks, etc.
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I. INTRODUCTION
Wireless power transfer via the use of resonant cou-
pling is basically non-radiative electromagnetic transmis-
sion with great potential for diversified applications such
as the charging of electronic gadgets, electric vehicles and
powering implants in the human body1–3. Wireless trans-
fer of power in a fully enclosed environment, reported in
Refs. 3–6, has the potential of efficiently charging 3D
distributed wireless sensors and other devices in a con-
tained environment such as rooms and satellites. Since
the revival of WPT via inductive resonant coupling, ca-
pacitively loaded coils have been widely used in near field
WPT schemes, yielding moderate transfer efficiencies in
the sub-wavelength regime7,8. Quite recently, the reso-
nant coupling between highQDR modes was exploited to
demonstrate the feasibility of using DRs as alternatives
to capacitively loaded coils9,10. High Q values of the DRs
results in an efficient coupling of power. Moreover, the in-
a)Electronic mail: samehelnaggar@gmail.com
b)Electronic mail: csaha@ieee.org
c)Electronic mail: antar-y@rmc.ca
clusion of an additional resonator (hereafter, relay or me-
diator) that interacts with both the source and receiver
DRs can stretch the transfer distances. The interaction
between the source, receiver and relay resonators opens
an EIT like channel between the source and receiver
through the creation of a non-bonding mode11. The cre-
ation of the non-bonding (dark) mode was explored in
an early work in the context of inductively resonant cou-
pled coils, where the coupling coefficient κ is moderate12.
In this case, the frequencies of coupled modes are very
close and the excitation of the non-bonding mode only
is challenging and may need tedious mechanical arrange-
ments. Nevertheless, it has been shown that, in general,
the inclusion of the mediator does improve the efficiency
and extends the transfer distance, even with no specific
arrangements13.
In the context of Electron Spin Resonance Spec-
troscopy, it was shown that the TE01δ of a DR inserted
in a cylindrical cavity strongly couples with the cavity
TE011 mode via the overlap of the electric field
14,15. Ad-
ditionally, placing two DRs inside the cavity generates
bonding, non-bonding and anti-bonding modes; hence
generating an EIT like channel between the two DRs16.
Combining both desirable properties: the strong coupling
and the generation of EIT like channel, a WPT scheme
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2was reported in Refs. 11 and 17. The scheme relies on
the interaction between two DRs with a split cavity res-
onator (SCR) that acts as the mediator. The unique
properties of the system allow it to be tolerant to losses,
material imperfections and frequency offsets between dif-
ferent components11,18.
Recently, it was shown via basic theory and finite ele-
ment simulations that strong coupling combined with the
presence of an EIT like channel do exist in a system com-
prised of a contained high r aqueous solution and two
very high r ≈ 2300 DR inserts19. The DR inserts (here-
after denoted by DR1 and DR3) form the source and re-
ceiver, respectively, and the aqueous solution (DR2) acts
as the mediator. The high r of the medium imposes a
challenge on the permissible DRs to be used. Ultra high
r materials can be realized through the use of various
composite materials, thanks to pioneering research by
various material research groups, that exhibit very high
dielectric constant values at microwave frequency range.
For example, i) Strontium titanate (SrTiO3), ii) Barium
titanate, iii) Calcium copper titanate (CCTO) and iv)
Barium strontium titanate are reported to have dielectric
constant of 20,000, 18000, 10000 and 3000 respectively
in lower microwave frequency band at low and moderate
temperature20–23. However, acquiring such materials for
experimentation is quite challenging. Hence, the neces-
sity to understand the trade off between the DR r and
its dimensions becomes clear.
In the current article, the main features of the scheme
is explained using an analytical model based on CMT24.
The model is verified by finite element simulations.
Closed form expressions of κ is derived to reveal its de-
pendency on r and dimensions, and to explain the phys-
ical interactions between the resonators. Furthermore
realistic scenarios, such as misalignments and the pres-
ence of extraneous objects are considered and their im-
pact on the performance of the proposed WPT system is
thoroughly investigated. Additionally a geometrical rep-
resentation of the eigenvectors is proposed to develop a
more tangible understanding of the modal behaviour and
how they depend on κ.
Section II focuses on the coupled modes due to the in-
teraction of one DR insert (DR1 or DR3) with the aque-
ous solution (DR2). In this section closed form expres-
sions for κ are derived and verified. The reciprocal nature
of interaction is presented and the effect of the medium
losses on DR1 intrinsic Q factor is discussed. Section
III explores the properties of the modes when all compo-
nents are present (DR1, DR2 and DR3). The eigenvalue
problem is solved in the general case and a geometric rep-
resentation of the field of the coupled modes is proposed
to better highlight their properties. The influence of the
non-bonding mode on the transfer efficiency is briefly ex-
plained. Finally, the effects of offsets and the presence of
extraneous objects are demonstrated via finite element
simulations. The conclusion follows in Section IV.
FIG. 1. A contained aqueous medium, with parameters iden-
tified by the subscript ’2’. A DR insert (DR1) is concentrically
placed within the contained medium.
II. INTERACTION OF A DR AND THE CONTAINED
AQUEOUS MEDIUM
In Ref. 19 the coupling coefficient κ between a con-
tained aqueous medium and a DR insert was determined
based on physical arguments only. In the current arti-
cle, however, a systematic route will be taken to describe
the interaction between the different components. Not
only does the systematic treatment base the findings on
a rigorous foundation, it also highlights the assumptions
and approximations used along the way. The system con-
figuration is shown in Fig. 1. Subsection II-A presents
the basic steps necessary to obtain the eigenvalue prob-
lem (EVP). In subsection II-B, the EVP is solved and
expressions for κ are derived.
A. Eigenvalue Problem (EVP)
In general, rigorous solutions of the eigenmodes of the
system in Fig. 1 can be determined after one solves the
Helmholtz’s equation
∇×∇×E(r) = ω
2
c2
r(r)E(r) (1)
over the entire space after taking into account the con-
ditions dictated by the boundaries. In (1) r(r) can be
written as19
r(r) =

r1 r ≤ r1 and |z − z0| < l1/2
r2 r ≤ r2 and |z| < l2/2
1 otherwise
, (2)
where z0 is the offset of the DR center with respect to the
enclosed medium center. Equation (1) is in a generalized
eigenvalue problem form. In principle, its solutions rep-
resent the eigenfrequencies and the corresponding eigen-
fields of the complete system. In spite of being the most
rigorous approach, the procedure does not convey much
information about how the characteristics of the system
3sub-components (here DR1 and DR2) combine. The so-
lutions are usually obtained via the discretization of the
∇×∇ operator and fields over space, resulting in a dis-
cretized version of (1), where the frequencies (or more
precisely the square of frequencies) represent the eigen-
values and the fields represent the corresponding eigen-
vectors. On the other hand, CMT permits the projection
of the unknown total fields E and H onto the modes of
the sub-components19,24. As one is interested in a nar-
row band response, CMT reduces the solution space to
the linear superposition of a handful number of modes
with frequencies in the vicinity of the band of interest
and that exhibit field profiles that have a net overlap in
space and match the excitation profile.
The CMT main premise is the assumption that the
fields of the coupled (combined) system are the lin-
ear superposition of the fields of its individual sub-
components24
E = a1E1 + a2E2 (3)
and
H = b1H1 + b2H2. (4)
In (3) and (4), the expansion is limited to two modes
only: the TE01δ mode of each resonator. In general, any
DR mode satisfies the source-free Maxwell’s equations
∇×Ei = −jω0µ0Hi (5)
and
∇×Hi = jω0i(r)Ei, (6)
where ω0 is the resonant frequency of the two modes and
i is function of space; it is equal to ri0 inside the i
th DR
materials and 0 everywhere else. The phase of the fields
are chosen such that the fields of the different modes are
coherent (E fields of both modes are in phase and are
90◦ out of phase with the H fields). The coupled fields
E and H also satisfy Maxwell’s equations
∇×E = −jωµ0H (7)
and
∇×H = jω(r)0E, (8)
where ω is the, yet to be determined, coupled frequency
and  ≡ r0 is the dielectric constant determined by (2).
Using the identity
∇ · (A×B) = (∇×A) ·B− (∇×B) ·A, (9)
(3) and (4), it can be shown that after integrating ∇ ·
(E∗i ×H) and ∇ · (E ×H∗i ) over some arbitrary volume
V , two coupled equations in the coefficients a and b are
obtained14,24,
(ΩC + jM) b− ωA = 0 (10)
and
− ωCb+ ΩDa = 0. (11)
Here Ω = ω0I, Cik =
∫
V
µ0H
∗
i · Hkdv, Aik =
∫
V
E∗i ·
Ekdv, Dik =
∫
V
iE
∗
i ·Ekdv andMik =
∫
∂V
E∗i ×Hk ·dS.
Starting from ∇ · (E∗i ×Hk), using (9) and integrat-
ing over V the boundary quantities Mik terms can be
expressed in terms of the bulk quantities Dik and Cik as
Mik = jω0 (Cik −Dki) . (12)
Based on (12), important relations can be found. Assum-
ing that V is taken to be all space, Ei and Hi vanish on
the surface ∂V . Therefore,
Cik = Dki. (13)
When i = k, the above equation is consistent with the
resonance condition, where the average stored magnetic
and electric energies balance out. For i 6= k and noting
that C12 = C21
D12 = D21, (14)
an important property and will be used later to show
that the interaction between DR1 and DR2 is recipro-
cal. Eliminating b from (10), (11) and using (12), the
frequency and fields of the coupled system can be deter-
mined from the solution of an eignevalue problem
ω20A−1DC−1Da = ω2a, (15)
identical to the eigenvalue problem derived in Ref. 24,
which is not surprising since the procedure here parallels
the one in Ref. 24. Noting that Dii = Cii, assuming
that A11A22  A12A21, C11C22  C12C21, Aii ≈ Dii
and normalizing the modes such that D11 = D22 = 2
(equivalently, energy of modes normalized to 1 Joule),
(15) is approximated to
ω20
[
1 − (A12−D12)2
− (A12−D21)2 1
] [
a1
a2
]
= ω2
[
a1
a2.
]
, (16)
where (14) was used. The off-diagonal terms appearing
in the above equation are equal. However they can be
interpreted in two different, yet compatible, ways. The
(1, 2) term can be written as
κ ≡ A12 −D12
2
=
1
2
∫
DR2
P2 ·E1dv, (17)
where P2 = 0(r2 − 1)E2 is the polarization vector of
the DR2 mode. Hence, κ is the normalized maximum
energy due to the interaction of the fields of DR1 with
the polarization vector of DR2 and is identical to the
expression previously obtained based on general physical
arguments only19,25. The (2, 1) term, however, attains a
different form
κ =
A12 −D21
2
=
1
2
∫
DR1
(P1 ·E2 −P2 ·E1) dv. (18)
4Relation (14) clearly shows that both expressions of κ
are mathematically identical. However (18) can be in-
terpreted as the net of two normalized maximum energy
terms: the stored energy in the polarization vector P1
due to its interaction with the aqueous field E2 minus
the energy due to DR1 that would have existed in the
displaced volume. As has been previously shown the so-
lution of the EVP (15) or (16) gives two coupled modes
: the symmetric (bonding) with frequency fb and anti-
symmetric (anti-bonding) with frequency fa > fb
14,19,24.
B. Coupling Coefficient Expressions
In general DR1 is placed close to the surface. Since
our interest here is in the interaction of the DRs TE01δ
modes, it is more convenient to first seek a closed form
expression for κ0, the situation depicted in Fig.1 where
DR1 is symmetrically placed inside DR2 (i.e, z0 = 0).
Noting that l1  l2, κ, when DR1 is displaced by a
distance d from DR2 centre, can be calculated as19
κ = κ0 cos(β2z0), (19)
The fields of DR1 and DR2 TE01δ modes are deter-
mined using the Cohn model26
Eφi = MiJ1(kir)

cosβiz |z| ≤ li2 and r ≤ ri
eαi(li/2−|z|) cos βili2 |z| > li2 and r ≤ ri
0 otherwise
,
(20)
where ri, li are the DR radius and length, respectively
(Fig. 1). The dielectric-air interface is assumed to be a
PMC (Perfectly Magnetic Conductor) boundary, hence
allowing the approximation of the radial wave number
to ki = 2.405/ri. The axial propagation and attenua-
tion constants, βi and αi are determined after solving
the characteristic equation
βi tan
βili
2
− αi = 0, (21)
given that βi =
√
rik20 − k2i and αi =
√
k2i − k20, where
k0 ≡ ω/c is the free space wave number. Although κ
can be calculated using either (17) or (18), the Cohn
model does not consider the fields at r > ri to be relevant
(ignores the diffraction of the fields, due to the PMC
assumption). Hence, we exploit the reciprocal nature
of κ that was proved in Subsection II-A to deduce that
(18) is more appropriate to use to calculate κ since it
considers the interaction to be over the DR1 volume only.
Accordingly,
κ0 =
(r1 − r2) 0
2
∫
DR1
E1 ·E2dv. (22)
Using (20)
κ0 ≈ pi0(r1 − r2)M1M2I1 · I2, (23)
where I1 =
∫ r1
0
rJ1(k1r)J1(k2r)dr and I2 =∫ l1/2
−l1/2 cosβ1z cosβ2zdz. Since r1  r2, J1(k2r) ≈ k2r/2
for r ≤ r1. Also
Mi =
2√
ri0leffi ri
, (24)
where leffi = li + sinβili/βi and Mi is selected such that
Dii = 2. Therefore (22) simplifies to
κ0 ≈ 1.6
√
r1
r2
(
r1
r2
)2
l1√
leff1 l
eff
2
(S+ + S−) , (25)
where S+ = sinc ([β1 + β2]l1/2) and S− =
sinc ([β1 − β2]l1/2).
Additionally, κ0 can be calculated from the coupled
frequencies as
κ0 =
f2a − f2b
f2a + f
2
b
. (26)
Unlike (17), (18) and (25), (26) is a phenomenological re-
lation that relates κ0 to the observed coupled frequencies
fb and fa.
To verify the accuracy of (25), different numerical ex-
periments are performed. The parameters of the con-
taining DR (DR2) are fixed (r2 = 1.8 m, l1 = 3 m and
r2 = 81), while r1 and the dimensions of DR1 are
allowed to change such that the resonant frequency is al-
ways fixed at 8.47 MHz. Different configurations are sim-
ulated using HFSS R© Eigenmode solver, where κ0 is calcu-
lated from the frequencies of the coupled modes (bonding
and anti-bonding) as given by (26). Additionally given
the different parameters, β1,2 and l
eff
1,2 can be calculated
from (21 and their values are plugged in 25 to calculate
κ0 according to (25). Figure (2) presents the results. It
can be noted that for very large r1 values, the agreement
is excellent. When r1 decreases, (25) over-estimates the
value of κ0. This is attributed to the increase in DR1
diameter, which renders the J1(k2r) = k2r/2 approxima-
tion less accurate. Additionally, the PMC assumption
of the Cohn model becomes less valid as r1 decreases.
However, this has a secondary effect, since r1 value is
still considerably large.
The dependency of κ0 on the different parameters de-
serves further discussion. If r1 and l1 are scaled by a
factor s (i.e, r1 → sr1 and l1 → sl1), to keep the res-
onant frequency constant, the corresponding r1 should
be changed to r1/s
2. The effect of scaling is reflected
in the values of β1 which changes to β1/s (or equiva-
lently reducing the guided wavelength by s). Addition-
ally, leff1 → sleff1 . The overall effect of scaling DR1 results
in a net inverse dependency on r1, i.e,
κ0 = κ0n
(
r1n
r
)3/4
, (27)
where the subscript n identifies some reference configu-
ration, taken here to be r1n = 2365. Hence, the smaller
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FIG. 2. The coupling coefficient κ as a function of DR1 r.
the r1 value, the larger the DR1 diameter, the higher κ0
is. Fig. 2 shows that (27) can be used instead of (25) to
calculate κ0 if κ0n is known. In the subsequent sections,
two typical sets of DR1 parameters will be used. The first
will be denoted by 1X which has the following parame-
ters r1 = 2365, r1 = 41.5 cm, l1 = 29.6 cm, f0 = 8.47
MHz, β1 ≈ 5.5 m−1 and α1 ≈ 5.8 m−1. The second
DR1 is denoted by 2X to emphasize that its linear di-
mensions are double those of the 1X DR (or equivalently
r1 = 591.25). In all cases the aqueous solution has the
following parameters: r2 = 81, r2 = 1.8 m, l2 = 3 m,
f0 = 8.47 MHz, β2 ≈ 0.72 m−1 and α2 ≈ 1.32 m−1.
Eq. (27) implies that the requirement r1  r2 can
be relaxed if one uses a larger dielectric insert. In fact,
using a 2X DR allows r1 to be reduced by a factor of
four. Hence it is possible to trade-off DR dimension and
its dielectric constant. Additionally it should be noted
that, everything else fixed, a lower r1 value implies a
higher κ, which in turn translates into a more isolation
of the non-bonding mode and higher transfer efficiency11.
Unfortunately, the reduction of r1 comes at the cost of
an increase in the DR intrinsic losses, as will be shown
in Subsection III-B.
III. INTERACTION OF TWO DRS WITH THE
AQUEOUS MEDIUM
In principle, it is possible to extend the CMT analysis
of the previous section to the case where two DRs (DR1
and DR3) are present in addition to DR2. In fact, such
generalization of the CMT approach to include an ar-
bitrary number of modes was previously reported24 and
extended to situations where resonators are in the vicin-
ity of PEC or PMC boundaries27. In the following treat-
ment we will take advantage of the already developed
FIG. 3. Two ultra high r DR resonators (DR1 and DR2)
inserted in a contained volume of a high r aqueous solution
DR2. The three resonators modes have the same resonant
frequency. At the transmitting and receiving ends, power is
coupled into and out via two loops.
2 × 2 eigenvalue problem (15) and directly extend it to
to the 3×3 case by populating the off-diagonals with the
necessary elements. It is assumed that DR1 and DR3 are
far enough such that their interaction can be neglected.
This is not quite true, particularly when the 2X DRs are
deployed. The direct interaction between DR1 and DR3
will improve the efficiency as it opens a direct channel,
in parallel to the indirect interaction via the aquaeous
modes. Furthermore, the general asymmetric case (i.e,
κ12 6= κ32), arising from the misalignment of DR1 and
DR3, is considered. Such situation may naturally arise
in the present configuration due to inevitable turbulences
and drift currents that may exist in the medium. Accord-
ingly the 3× 3 EVP is simplified to ω20 −ω20κ12 0−ω20κ12 −ω20 −ω20κ32
0 −ω20κ32 ω20
a1a2
a3
 = ω2
a1a2
a3
 , (28)
where κ12 and κ32 are the coupling coefficients between
DR1 and DR2, and DR3 and DR3, respectively. The
coupled modes are the eigensolutions of (28), which take
the form
ωb = ω0
√
1− (κ212 + κ232)1/2, (29)
Vb =
1√
2
[
ζ√
1 + ζ2
, 1,
1√
1 + ζ2
]t
(30)
for the bonding mode,
ωn = ω0, Vn =
[
− 1√
1 + ζ2
, 0,
ζ√
1 + ζ2
]t
(31)
6FIG. 4. (a) 3D Space of Eigenvectors. Space of Bonding,
Non-bonding and Anti-bonding modes for 0 ≤ ζ <∞.
for the non-bonding mode, and
ωa = ω0
√
1 + (κ212 + κ
2
32)
1/2
, (32)
Va =
1√
2
[
ζ√
1 + ζ2
,−1, 1√
1 + ζ2
]t
(33)
for the anti-bonding mode. Here, ζ ≡ κ12/κ32. For con-
venience, all modes are normalized such that the eigen-
vectors in (30), (31) and (33) are unit vectors. The pa-
rameter ζ changes from zero (no coupling between DR1
and DR2), to one (equal coupling, κ12 = κ32), to in-
finity (no coupling between DR3 and DR1). The eigen-
frequencies and the corresponding eigenvectors change as
functions of ζ. Fig. 4 depicts the different locations of
the eigenvectors. One interesting property is that, un-
der the assumptions of negligible Coupling Induced Fre-
quency Shifts (CIFS)28 that appear as on diagonal terms
and κ13 = 0, the frequency of the non-bonding mode is
fixed at ω0 and its eigenvector is always in the DR1 and
DR3 plane with no DR2 component. As expected, under
symmetric alignment (i.e, κ12 = κ32) the DR1 and DR3
modes contribute equally to the non-bonding mode and
they are 180◦ out of phase. Fig. 4 also shows that the
eigenvector of the bonding (anti-bonding) mode inscribes
a quarter of a cone around the positive (negative) DR2
mode as ζ changes from 0 to∞ as ζ changes from zero to
infinity. The extreme case ζ = 0 (ζ → ∞) describes the
limiting situation at which the non-bonding mode repre-
sents the mode of DR1 (DR3) and the bonding and anti-
bonding modes are the symmetric and anti-symmetric
modes, respectively due to the coupling of DR2 and DR3
(DR1).
To show that the three coupled modes do exist in the
general case when DR1 and DR3 are misaligned, the
structure in Fig. 3 is simulated where both resonators
are displaced by 27 cm away from DR axis. The mag-
netic field profile is depicted in Fig. 5. The frequency of
the non-bonding mode has been shifted down from 8.47
MHz to 8.3 MHz, which can be attributed to the effect
of coupling with other modes, not taken into account
in the previous analysis and that may overlap with the
DRs TE01δ modes due to the axial eccentricity. Inspec-
tion of the fields reveals that the relative phases of the
different components (fields of DR modes) do agree with
the eigenvector expressions (30), (31), (33) and Fig. 4.
For the anti-bonding mode (Fig. 5(b)) for instance, the
DR2 mode is 180◦ out of phase with both DR1 and DR3
modes, as (33) predicts (or equivalently, Va is restricted
to the DR1-DR3 plane).
A. Modal Expansion and the excitation of the
non-bonding mode
The complete set of modes of a given system fully de-
scribes its dynamical behaviour. For sinusoidal excitation
with frequency ω, the response is the weighted summa-
tion of all eigenmodes i.e,
Y˜ (ω) =
∞∑
k=1
Ak
ω − ωk − iσk + c.c, (34)
where ωk − iσk is complex frequency of the kth mode,
and Ak, the expansion coefficient, depends mainly on the
coupling of the input excitation to the given mode. To
excite the mode, it is thus desirable that there is an over-
lap between its profile and the source to assure that Ak
is sufficiently large. For high Q systems, as in our case
here, σk is small. When ω coincides with one of the
system frequencies ωk, its contribution to (34) becomes
dominant; this is particularly true when the frequency
of other modes are sufficiently far from the given mode.
The considerably strong coupling between the modes in
the DRs-Aqueous situation allows the modes to be well
separated to the extent that the non-bonding mode pre-
vails as the excitation frequency gets close to the resonant
frequency ω0.
B. Reduction of Intrinsic DR Q0 due to the aqueous
medium
The intrinsic losses of DR1 or DR3 are the losses of the
mode in the absence of the load. Neglecting radiation for
such high r resonators, the losses are mainly due to the
dielectrics loss tangents. The Quality factor is defined by
Q0 ≡ 2ω0WE/Pl, where WE is the average stored electric
energy (equals to the average stored magnetic energy at
resonance) and Pl is the average power loss. The total
7FIG. 5. Magnetic field of (a) Bonding (fb = 7.95 MHz) (b) Non Bonding (fn = 8.3 MHz) and (c) Anti-bonding (fa = 9.1 MHz)
modes when DR1 and DR3 are displaced by 27 cm from DR2 axis.
FIG. 6. (a) DR1 inside the aqua solution DR2. (b) DR1 close
to the surface of DR2.
electric energy WE is the sum of the energy inside and
outside DR1 (i.e, WE = W
in
E +W
out
E ).
The power loss is given by
Pl = P
in
l + P
out
l , (35)
where P inl is the power loss inside DR1 (DR3) material
and P outl denotes the losses due to the DR1 (DR3) fields
fringing into DR2. Therefore,
P inl = 2ω0 tan δ1W
in
E (36)
and
P outl = 2ω0 tan δ2W
out
E . (37)
For the configuration in Fig. 6(b), the losses are approx-
imately half that in Fig. 6(a). If x is defined as the ratio
of W outE and W
in
E , it is readily found that
Q0 =
1 + x
tan δ1 + γx tan δ2
, (38)
where γ = 1 and 0.5 for the configurations in Fig. 6 (a)
and Fig. 6(b), respectively. Note that W inE and W
out
E are
proportional to the integral of the square of E over the
corresponding volumes,
W inE =
1
2
∫
in
r1|E|2dV (39)
and
W outE =
1
2
∫
out
r2|E|2dV, (40)
For the 1X DR1, x ≈ 0.25, while it increases to approx-
imately 0.43 for the 2X DR. It is always desirable that
tan δ1 is as small as possible to avoid any unnecessary
losses. In this case γx tan δ2  tan δ1 hence (38) reduces
to
Q0 ≈ 1 + x
γx tan δ2
, (41)
which is independent of tan δ1. For a given medium, Q0
decreases as more fields fringe outside DR1, which is the
case when r1 is reduced. Additionally, (41) has an in-
teresting implication; it was previously shown that the
efficiency η attains its maximum when the Q of the load
is11
Qmaxw ≈
1
κ
√
Q0
Q2
. (42)
Substituting (41) in (42) shows that Qmaxw is independent
of the medium loss tangent. The maximum efficiency
ηmax, of course, will decrease as the medium losses in-
crease. The maximum efficiency ηmax is given by11
ηmax ≈ 100
(
1− 2√
κQ0
)
, (43)
a function of x and the medium loss tangent tan δ2.
To demonstrate the effect of up-sizing DR1 and DR3
on η, the maximum efficiency is calculated for both the
1X and 2X structures when placed inside the same aque-
ous solution. The efficiency versus frequency is plotted
87 7.5 8 8.5 9 9.5
Frequency (MHz)
10
20
30
40
50
60
70
80
90
100
Ef
fic
ie
nc
y 
(%
)
1X, tan =0.1
2X, tan =0.1
2X, tan =0.01
1X, tan =0.01
FIG. 7. Efficiency comparison when using 1X and 2X sized
DRs for two different DR2 loss tangent values.
in Fig. 7. According to (27) when DR1 linear dimen-
sions are doubled, κ ≈ 2.8κn. As shown in the Fig., the
increase in κ results in a larger separation of the coupled
modes frequencies, which in turn extends the bandwidth.
Additionally, the net effect of κQ0 is to increase η. It is
worth noting that the frequency of the non-bonding mode
has been shifted down due to the effect of the CIFS terms,
which become significant for large values of κ24,28. Un-
like the 1X configuration, DR1 and DR3 in the 2X case
directly couple to one another, as well as, coupling to
the medium; this is similar to the situation previously
observed in electron spin resonance probes16.
Equation (43) shows that ηmax depends on the product
κQ0. Since the configurations studied here assume that
DR1 and DR3 are close to the surface, γ = 0.5. Therefore
from (41) Q0 = 100 and 66.5 for the 1X and 2X DRs,
respectively when tan δ2 = 0.1. Noting that κ at the
surface is approximately 0.119 and that κ2X = 2.8κ1X ,
the maximum efficiency ηmax values are 36.8% (1X and
53.6% (2X ), which generally agree with the full-wave
simulations reported in Fig. 7.
To show that Qmaxw weakly depends on tan δ2, the load
is modelled as a lumped (discrete) port with some real
impedance Rw. Increasing Rw is equivalent to decreasing
the load Qw. The whole structure in Fig. 3 is simulated
using HFSS R© for different Rw and tan δ2. Fig. 8 presents
the simulation results for three different tan δ2. As can
be seen from the Fig., the impedance at which η attains
its maximum is in the vicinity of 50 Ω for all three tan δ2
values, changing over two decades.
The presence of the non-bonding mode over a wide
range of ζ values can be exploited to enable efficient
WPT, the offset between the Tx and Rx in Fig. 3 can
be substantial due to the presence of turbulences, drift
currents, or possibly requiring Rx to freely move inside
the medium (for instance Rx is attached to a swimmer
inside a swimming pool). To demonstrate that efficient
power transmission is possible over a wide range of doff
(Fig. 3), doff is allowed to increase, resulting in a reduc-
FIG. 8. Efficiency (η) as a function of the load impedance for
different medium loss tangent tan δ2.
tion of κ32 . The whole system was simulated for the 1X
resonators. As Fig.9(a) presents, the efficiency does de-
crease as the offset increases. This is due to the decrease
of coupling between DR3, the receiver, and DR2. For
offsets even greater than 1 m the efficiency is still well
above 50%. Moreover, the maximum efficiency occurs at
the frequency of the non-bonding mode, which is inde-
pendent of the offset level, emphasizing the fact that the
energy transfer is mainly due to the presence of the non-
bonding mode. Figure 9(b) confirms that the field profile
is indeed that of the non-bonding mode. For applications
where turbulences and drift currents may occur, or where
the alignment between DR1 and DR3 cannot be always
maintained, the presence of the non-bonding mode en-
ables power transfer to still be possible even in less than
ideal situations.
The requirement and the possibility of having high κ12
and κ32 values along with the absence of the DR2 mode
from the non-bonding mode (or equivalently the eigen-
vector always being in the DR1-DR3 plane, independent
of ζ), are the two main desirable features that enable
EIT-like wireless power transmission. The implication
of the second property is briefly discussed in subsection
III C.
C. Tolerating Conducting and Dielectric Objects inside
the Aquaeous Solution
As applications may dictate, disturbances and objects
may randomly appear in the container. For instance,
air bubbles, rocks and other conducting elements such as
a stirrer or mixer, etc, depending on the particular ap-
plication, may interact with the proposed WPT system.
The presence of the non-bonding mode and the high κ
values enable the medium disturbances to be of a sec-
ondary nature. To mimic a dynamic environment, par-
9FIG. 9. (a) Efficiency vs. frequency for different values of doff.
(b) The magnetic field profile at the frequency corresponding
to the maximum efficiency for doff = 81 cm.
ticles that model air bubbles and conducting objects are
randomly placed inside the container as Fig. 10 shows.
Interestingly enough, the change of efficiency is too small
to observe, emphasizing that EIT-like WPT enabled high
efficiency even in the presence of random extraneous ob-
jects.
It is worth noting that the absence of the DR2 mode
does not imply that the presence of DR2 is unnecessary.
In fact, DR2 presence is vital for the whole transfer pro-
cess to take place; it mediates the indirect interaction
between DR1 and DR3. To show that the presence of
all three elements, DR1, DR2 and DR3 is essential, the
transfer efficiency is computed for three different config-
urations as shown in Fig. 11. When DR2 is absent, DR1
and DR3 are weakly coupled and the efficiency is around
20%. If the aqueous medium is present and DR1 and
DR3 are removed, power cannot be transferred except
through DR2 modes, which is small since the excitation
is applied to the container surface. When the three com-
ponents coexist, efficiency is considerably increased as
clearly revealed in Fig. 11.
FIG. 10. Addition of randomly placed air bubbles and con-
ducting objects. Change in efficiency is almost unobservable.
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FIG. 11. Efficiency η versus the excitation frequency for three
different scenarios. DR2, when present, has a loss tangent
tan δ = 0.01.
IV. CONCLUSION
In the current article, a systematic analysis of the inter-
action between a contained aqueous solution mode and
dielectric resonators inserts is done. It is shown that
the restriction on using high r DRs can be relaxed.
Lower r resonators will strongly couple with the con-
tained medium and hence improve the overall system ef-
ficiency. However, this comes with the expense of be-
10
ing potentially bulky. Additionally, the leakage electric
field increases with the reduction of r resulting in a re-
duction of the intrinsic Q0. Fortunately, the lower the
r is the lower tan δ1 will possibly be. The reciprocal
nature of interaction emerges directly from the coupled
mode equations and results in a symmetric eigenvalue
operator. The general eigenvalue problem between two
dielectric resonators and the aqueous medium were de-
veloped and solved. Pictorial presentation of the modes
were proposed. The effect of misalignment on the trans-
fer efficiency was examined and shown to be consistent
with the behaviour of the modes. The possible excitation
of the non-bonding mode with high fidelity, as well as ro-
bustness of the system against the presence of extraneous
objects were also discussed.
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